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Introduction

I the goal is to represent formulas by vectors (vector
embedding) in a vector space (called the latent space); usually
in a real vector space of a finite dimension
I we have seen such a representation using hand-crafted features

in ENIGMA
I neural networks have proved to be very good in extracting

features in various domains—image classification, NLP, . . .
I the selection of presented models is very subjective and it is a

rapidly evolving area
I statistical approaches are based on the fact that in many

cases we can safely assume that we deal only with the
formulas of a certain structure
I we can assume there is a distribution behind formulas
I hence it is possible to take advantage of statistical regularities
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Classical representations of formulas
I formulas are syntactic objects
I we use different languages based on what kind of problem we

want to solve and we usually prefer the weakest system that
fits our problem
I classical / non-classical
I propositional, FOL, HOL, . . .

I there are various representations
I standard formulas
I normal forms
I circuits

I there are even more types of proofs and they use different
types of formulas

I it really matters what we want to do with them
I test a property (equivalence, TAUT, SAT, . . . )
I premise selection
I proof length estimation
I conjecturing
I solving equations
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Example—SAT
I we have propositional formulas in CNF

I we have reasonable algorithms for them
I they can also simplify some things
I note that they are not unique, e.g.,

(𝑝 → 𝑞) ∧ (𝑞 → 𝑟) ∧ (𝑟 → 𝑝)

is equivalent to both

(¬𝑝 ∨ 𝑞) ∧ (¬𝑞 ∨ 𝑟) ∧ (¬𝑟 ∨ 𝑝)

and

(¬𝑝 ∨ 𝑟) ∧ (¬𝑞 ∨ 𝑝) ∧ (¬𝑟 ∨ 𝑞)

I it is trivial to test formulas in DNF, but transforming a
formula into DNF may lead to an exponential blow-up
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Semantic properties
I we want to capture the meaning of terms and formulas that is

their semantic properties
I however, a representation should depend on the property we

want to test
I they are equal polynomials
I they contain the same number of pluses and minuses
I they are both in a normal form

Learning Continuous Semantic Representations of Symbolic Expressions
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Figure 5. A PCA visualization of some simple non-equivalent boolean and polynomial expressions (black-square) and their negations
(red-circle). The lines connect the negated expressions.

mann, 1994). One can consider a serialized version of the
resulting neural network as a representation of the expres-
sion. However, it is not clear how we could compare the
serialized representations corresponding to two expressions
and whether this mapping preserves semantic distances.

Recursive neural networks (TREENN) (Socher et al., 2012;
2013) have been successfully used in NLP with multiple
applications. Socher et al. (2012) show that TREENNs can
learn to compute the values of some simple propositional
statements. EQNET’s SUBEXPAE may resemble recursive
autoencoders (Socher et al., 2011) but differs in form and
function, encoding the whole parent-children tuple to force
a clustering behavior. In addition, when encoding each
expression our architecture does not use a pooling layer but
directly produces a single representation for the expression.

Mou et al. (2016) design tree convolutional networks to clas-
sify code into student submission tasks. Although they learn
representations of the student tasks, these representations
capture task-specific syntactic features rather than code se-
mantics. Piech et al. (2015) also learn distributed matrix
representations of student code submissions. However, to
learn the representations, they use input and output program
states and do not test for program equivalence. Additionally,
these representations do not necessarily represent program
equivalence, since they do not learn the representations over
all possible input-outputs. Allamanis et al. (2016) learn
variable-sized representations of source code snippets to
summarize them with a short function-like name but aim
learn summarization features in code rather than representa-
tions of symbolic expression equivalence.

More closely related is the work of Zaremba et al. (2014)
who use a TREENN to guide the search for more efficient
mathematical identities, limited to homogeneous single-
variable polynomial expressions. In contrast, EQNETs con-
sider at a much wider set of expressions, employ subexpres-
sion autoencoding to guide the learned SEMVECs to better

represent equivalence, and do not use search when looking
for equivalent expressions. Alemi et al. (2016) use RNNs
and convolutional neural networks to detect features within
mathematical expressions to speed the search for premise
selection in automated theorem proving but do not explicitly
account for semantic equivalence. In the future, SEMVECs
may be useful within this area.

Our work is also related to recent work on neural network
architectures that learn controllers/programs (Gruau et al.,
1995; Graves et al., 2014; Joulin & Mikolov, 2015; Grefen-
stette et al., 2015; Dyer et al., 2015; Reed & de Freitas,
2016; Neelakantan et al., 2015; Kaiser & Sutskever, 2016).
In contrast to this work, we do not aim to learn how to eval-
uate expressions or execute programs with neural network
architectures but to learn continuous semantic representa-
tions (SEMVECs) of expression semantics irrespectively of
how they are syntactically expressed or evaluated.

5. Discussion & Conclusions
In this work, we presented EQNETs, a first step in learning
continuous semantic representations (SEMVECs) of proce-
dural knowledge. SEMVECs have the potential of bridging
continuous representations with symbolic representations,
useful in multiple applications in artificial intelligence, ma-
chine learning and programming languages.

We show that EQNETs perform significantly better than
state-of-the-art alternatives. But further improvements are
needed, especially for more robust training of compositional
models. In addition, even for relatively small symbolic ex-
pressions, we have an exponential explosion of the semantic
space to be represented. Fixed-sized SEMVECs, like the
ones used in EQNET, eventually limit the capacity that is
available to represent procedural knowledge. In the future,
to represent more complex procedures, variable-sized repre-
sentations would seem to be required.
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NNs and propositional logic

I already McCulloch and Pitts in their 1943 paper discuss the
representation of propositional formulas

I it is well known that connectives like conjunction, disjunction,
and negation can be computed by a NN

I every Boolean function can be learned by a NN
I XOR (exclusive or) requires a hidden layer

I John McCarthy: (feed-forward) NNs are essentially
propositional
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Bag of words
I we represent a formula as a sequence of tokens (atomic

objects, strings with a meaning) where a symbol is a token

𝑝 → (𝑞 → 𝑝) =⇒ 𝑋 = ⟨𝑝, →, (, 𝑞, →, 𝑝, )⟩
𝑃 (𝑓(0, sin(𝑥))) =⇒ 𝑋 = ⟨𝑃, (, 𝑓, (, sin, (, 𝑥, ), ), )⟩

I the simplest approach is to treat it as a bag of words (BoW)
I tokens are represented by learned vectors
I linear BoW is emb(𝑋) = 1

|𝑋|
∑︀

𝑥∈𝑋 emb(𝑥)
I we can “improve” it by the variants of term frequency–inverse

document frequency (tf-idf)
I it completely ignores the order of tokens in formulas

I 𝑝 → (𝑞 → 𝑝) becomes equivalent to 𝑝 → (𝑝 → 𝑞)
I even such a simple representation can be useful, e.g.,

in Balunovic, Bielik, and Vechev 2018, they use BoW for
guiding an SMT solver
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Learning embeddings for BoW

I say we want a classifier to test whether a formula 𝑋 is TAUT
I a very bad idea to use BoW for reasonable inputs
I no more involved computations (no backtracking)

I we have embeddings in R𝑛

I our classifier is a neural network MLP: R𝑛 → R2

I if 𝑋 is TAUT, then we want MLP(emb(𝑋)) = ⟨1, 0⟩
I if 𝑋 is not TAUT, then we want MLP(emb(𝑋)) = ⟨0, 1⟩

I we learn the embeddings of tokens
I missing and rare symbols

I note that for practical reasons it is better to have the output
in R2 (probability distribution over predicted output classes)
rather than in R
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Recurrent NNs (RNNs)
I standard feed-forward NNs assume the fixed-size input
I we have sequences of tokens of various lengths
I we can consume a sequence of vectors by applying the same

NN again and again and taking the hidden states of the
previous application also into account

image source: http://colah.github.io/posts/2015-08-Understanding-LSTMs/

I hard to parallelize
I in principle RNNs can learn long dependencies, but in practice

it does not work well
I say we want to test whether a formula is TAUT

I ((𝑝 ∧ ¬𝑝) ∧ . . . ) → 𝑞
I (𝑝 ∧ . . . ) → 𝑝
I (· · · ∧ 𝑝 ∧ . . . ) → (· · · ∧ 𝑝 ∧ . . . )
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LSTM and GRU
I Long short-term memory (LSTM) was developed to help with

vanishing and exploding gradients in vanilla RNNs
I a cell state
I a forget gate, an input gate, and an output gate

I Gated recurrent unit (GRU) is a “simplified” LSTM
I a single update gate (forget+input) and state (cell+hidden)

I many variants — bidirectional, stacked, . . .

image source: http://colah.github.io/posts/2015-08-Understanding-LSTMs/
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Encoder and decoder approach
Advanced models based on a “simple” encoder/decoder idea

image source: Luong’s thesis

have proved to be very successful in NLP (with many
improvements like attention, towers of networks,. . . )

It is possible to abuse such advanced models directly (or with small
modifications) for various tasks like
I autoformalization,
I conjecturing,
I solving equations, and
I symbolic integration.
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Convolutional networks
I very popular in image classification—easy to parallelize
I we compute vectors for every possible subsequence of a

certain length
I zero padding for shorter expressions

I max-pooling over results—we want the most important
activation

I character-level convolutions—premise sel. (Irving et al. 2016)
I improved to the word-level by “definition”-embeddings

Axiom first order logic 
sequence 

CNN/RNN Sequence model

Conjecture first order logic 
sequence 

CNN/RNN Sequence model

Concatenate embeddings

Fully connected layer with 
1024 outputs

Fully connected layer with 1 
output

Logistic loss
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Maximum

Figure 3: (left) Our network structure. The input sequences are either character-level (section 5.1) or word-level
(section 5.2). We use separate models to embed conjecture and axiom, and a logistic layer to predict whether the
axiom is useful for proving the conjecture. (right) A convolutional model.

The Mizar data set is also an interesting case study in neural network sequence tasks, as it differs
from natural language problems in several ways. It is highly structured with a simple context free
grammar – the interesting task occurs only after parsing. The distribution of lengths is wide, ranging
from 5 to 84,299 characters with mean 304.5, and from 2 to 21,251 tokens with mean 107.4 (see
Figure 2). Fully recurrent models would have to back-propagate through 100s to 1000s of characters
or 100s of tokens to embed a whole statement. Finally, there are many rare words – 60.3% of the
words occur fewer than 10 times – motivating the definition-aware embeddings in section 5.2.

5 Overview of our approach

The full premise selection task takes a conjecture and a set of axioms and chooses a subset of
axioms to pass to the ATP. We simplify from subset selection to pairwise relevance by predicting the
probability that a given axiom is useful for proving a given conjecture. This approach depends on a
relatively sparse dependency graph. Our general architecture is shown in Figure 3(left): the conjecture
and axiom sequences are separately embedded into fixed length real vectors, then concatenated and
passed to a third network with two fully connected layers and logistic loss. During training time, the
two embedding networks and the joined predictor path are trained jointly.

As discussed in section 3, we train our models on premise selection data generated by a combination
of various methods, including k-nearest-neighbor search on hand-engineered similarity metrics. We
start with a first stage of character-level models, and then build second and later stages of word-level
models on top of the results of earlier stages.

5.1 Stage 1: Character-level models

We begin by avoiding special purpose engineering by treating formulas on the character-level using
an 80 dimensional one-hot encoding of the character sequence. These sequences are passed to a
weight shared network for variable length input. For the embedding computation, we have explored
the following architectures:

1. Pure recurrent LSTM [17] and GRU [6] networks.

2. A pure multi-layer convolutional network with various numbers of convolutional layers (with strides)
followed by a global temporal max-pooling reduction (see Figure 3(right)).

3. A recurrent-convolutional network, that uses convolutional layers to produce a shorter sequence which
is processed by a LSTM.

The exact architectures used are specified in the experimental section.

It is computationally prohibitive to compute a large number of (conjecture, axiom) pairs due to the
costly embedding phase. Fortunately, our architecture allows caching the embeddings for conjectures
and axioms and evaluating the shared portion of the network for a given pair. This makes it practical
to consider all pairs during evaluation.

5.2 Stage 2: Word-level models

The character-level models are limited to word and structure similarity within the axiom or conjecture
being embedded. However, many of the symbols occurring in a formula are defined by formulas

4
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Convolutional networks II.

I word level convolutions—proof guidance (Loos et al. 2017)
I WaveNet (Oord et al. 2016) — a hierarchical convolutional

network with dilated convolutions and residual connections

Because models with causal convolutions do not have recurrent connections, they are typically faster
to train than RNNs, especially when applied to very long sequences. One of the problems of causal
convolutions is that they require many layers, or large filters to increase the receptive field. For
example, in Fig. 2 the receptive field is only 5 (= #layers + filter length - 1). In this paper we use
dilated convolutions to increase the receptive field by orders of magnitude, without greatly increasing
computational cost.

A dilated convolution (also called à trous, or convolution with holes) is a convolution where the
filter is applied over an area larger than its length by skipping input values with a certain step. It is
equivalent to a convolution with a larger filter derived from the original filter by dilating it with zeros,
but is significantly more efficient. A dilated convolution effectively allows the network to operate on
a coarser scale than with a normal convolution. This is similar to pooling or strided convolutions, but
here the output has the same size as the input. As a special case, dilated convolution with dilation
1 yields the standard convolution. Fig. 3 depicts dilated causal convolutions for dilations 1, 2, 4,
and 8. Dilated convolutions have previously been used in various contexts, e.g. signal processing
(Holschneider et al., 1989; Dutilleux, 1989), and image segmentation (Chen et al., 2015; Yu &
Koltun, 2016).

Input

Hidden Layer
Dilation = 1

Hidden Layer
Dilation = 2

Hidden Layer
Dilation = 4

Output
Dilation = 8

Figure 3: Visualization of a stack of dilated causal convolutional layers.

Stacked dilated convolutions enable networks to have very large receptive fields with just a few lay-
ers, while preserving the input resolution throughout the network as well as computational efficiency.
In this paper, the dilation is doubled for every layer up to a limit and then repeated: e.g.

1, 2, 4, . . . , 512, 1, 2, 4, . . . , 512, 1, 2, 4, . . . , 512.

The intuition behind this configuration is two-fold. First, exponentially increasing the dilation factor
results in exponential receptive field growth with depth (Yu & Koltun, 2016). For example each
1, 2, 4, . . . , 512 block has receptive field of size 1024, and can be seen as a more efficient and dis-
criminative (non-linear) counterpart of a 1×1024 convolution. Second, stacking these blocks further
increases the model capacity and the receptive field size.

2.2 SOFTMAX DISTRIBUTIONS

One approach to modeling the conditional distributions p (xt | x1, . . . , xt−1) over the individual
audio samples would be to use a mixture model such as a mixture density network (Bishop, 1994)
or mixture of conditional Gaussian scale mixtures (MCGSM) (Theis & Bethge, 2015). However,
van den Oord et al. (2016a) showed that a softmax distribution tends to work better, even when the
data is implicitly continuous (as is the case for image pixel intensities or audio sample values). One
of the reasons is that a categorical distribution is more flexible and can more easily model arbitrary
distributions because it makes no assumptions about their shape.

Because raw audio is typically stored as a sequence of 16-bit integer values (one per timestep), a
softmax layer would need to output 65,536 probabilities per timestep to model all possible values.
To make this more tractable, we first apply a µ-law companding transformation (ITU-T, 1988) to
the data, and then quantize it to 256 possible values:

f (xt) = sign(xt)
ln (1 + µ |xt|)

ln (1 + µ)
,

3

image source: Oord et al. 2016

12 / 34



Recursive NN (TreeNN)

I we can exploit compositionality and the tree structure of our
objects and use recursive NNs (Goller and Kuchler 1996)

Recursive NN (TreeNN)

[Socher et al, 2011, 2013] http://edin.ac/sutton-icml2017

4

2

5

3

1

COMBINE

COMBINE

Syntax tree Network architecture

Problem: Representations mostly syntactic. Too much syntax!
image source: EqNet slides
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TreeNN (example)

I leaves are learned embeddings
I both occurrences of 𝑏 share the same embedding

I other nodes are NNs that combine the embeddings of their
children
I both occurrences of + share the same NN
I we can also learn one apply function instead
I functions with an unknown number of arguments can be

treated using pooling, RNNs, convolutions etc.

+
√

+

𝑎 𝑏

+

𝑏 𝑐

term representation
𝑎 R𝑛

𝑏 R𝑛

𝑐 R𝑛

√ R𝑛 → R𝑛

+ R𝑛 × R𝑛 → R𝑛
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Notes on compositionality

I we assume that it is possible to “easily” obtain the embedding
of a more complex object from the embeddings of simpler
objects

I it is usually true, but

𝑓(𝑥, 𝑦) =
{︃

1 if 𝑥 halts on 𝑦,

0 otherwise.

I even constants can be complex, e.g., { 𝑥 : ∀𝑦(𝑓(𝑥, 𝑦) = 1) }
I very special objects are variables and Skolem functions

(constants)
I note that different types of objects can live in different spaces

as long as we can connect things together
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TreeNNs
I advantages

I natural and straightforward—in ENIGMA for FOL clauses
I all occurrences of subexpressions have a fixed meaning

(caching)
I disadvantages

I all occurrences of subexpressions have a fixed meaning (no
communication in the opposite direction)

I quite expensive to train
I usually take syntax too much into account
I hard to express that, e.g., variables are invariant under

renaming in many contexts
I in ENIGMA we abstract away all first-order variables by a

single embedding and similarly for Skolem symbols (arity
matters)

I hard to deal with symbols unseen during training
I many variants, e.g., PossibleWorldNet (Evans et al. 2018)

I randomly generated “worlds” that are combined with the
embeddings of atoms in propositional logic

I we evaluate the formula against many such worlds
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EqNet (Allamanis et al. 2017)
I the goal is to learn semantically equivalent representations

(equal terms should be as close as possible, i.e., the 𝑘-nearest
neighbors algorithm)

Learning Continuous Semantic Representations of Symbolic Expressions
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Figure 5. A PCA visualization of some simple non-equivalent boolean and polynomial expressions (black-square) and their negations
(red-circle). The lines connect the negated expressions.

mann, 1994). One can consider a serialized version of the
resulting neural network as a representation of the expres-
sion. However, it is not clear how we could compare the
serialized representations corresponding to two expressions
and whether this mapping preserves semantic distances.

Recursive neural networks (TREENN) (Socher et al., 2012;
2013) have been successfully used in NLP with multiple
applications. Socher et al. (2012) show that TREENNs can
learn to compute the values of some simple propositional
statements. EQNET’s SUBEXPAE may resemble recursive
autoencoders (Socher et al., 2011) but differs in form and
function, encoding the whole parent-children tuple to force
a clustering behavior. In addition, when encoding each
expression our architecture does not use a pooling layer but
directly produces a single representation for the expression.

Mou et al. (2016) design tree convolutional networks to clas-
sify code into student submission tasks. Although they learn
representations of the student tasks, these representations
capture task-specific syntactic features rather than code se-
mantics. Piech et al. (2015) also learn distributed matrix
representations of student code submissions. However, to
learn the representations, they use input and output program
states and do not test for program equivalence. Additionally,
these representations do not necessarily represent program
equivalence, since they do not learn the representations over
all possible input-outputs. Allamanis et al. (2016) learn
variable-sized representations of source code snippets to
summarize them with a short function-like name but aim
learn summarization features in code rather than representa-
tions of symbolic expression equivalence.

More closely related is the work of Zaremba et al. (2014)
who use a TREENN to guide the search for more efficient
mathematical identities, limited to homogeneous single-
variable polynomial expressions. In contrast, EQNETs con-
sider at a much wider set of expressions, employ subexpres-
sion autoencoding to guide the learned SEMVECs to better

represent equivalence, and do not use search when looking
for equivalent expressions. Alemi et al. (2016) use RNNs
and convolutional neural networks to detect features within
mathematical expressions to speed the search for premise
selection in automated theorem proving but do not explicitly
account for semantic equivalence. In the future, SEMVECs
may be useful within this area.

Our work is also related to recent work on neural network
architectures that learn controllers/programs (Gruau et al.,
1995; Graves et al., 2014; Joulin & Mikolov, 2015; Grefen-
stette et al., 2015; Dyer et al., 2015; Reed & de Freitas,
2016; Neelakantan et al., 2015; Kaiser & Sutskever, 2016).
In contrast to this work, we do not aim to learn how to eval-
uate expressions or execute programs with neural network
architectures but to learn continuous semantic representa-
tions (SEMVECs) of expression semantics irrespectively of
how they are syntactically expressed or evaluated.

5. Discussion & Conclusions
In this work, we presented EQNETs, a first step in learning
continuous semantic representations (SEMVECs) of proce-
dural knowledge. SEMVECs have the potential of bridging
continuous representations with symbolic representations,
useful in multiple applications in artificial intelligence, ma-
chine learning and programming languages.

We show that EQNETs perform significantly better than
state-of-the-art alternatives. But further improvements are
needed, especially for more robust training of compositional
models. In addition, even for relatively small symbolic ex-
pressions, we have an exponential explosion of the semantic
space to be represented. Fixed-sized SEMVECs, like the
ones used in EQNET, eventually limit the capacity that is
available to represent procedural knowledge. In the future,
to represent more complex procedures, variable-sized repre-
sentations would seem to be required.

image source: Allamanis et al. 2017
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EqNet

I a standard TreeNN improved by
I normalization (embeddings have unit norm)
I regularization (subexpression autoencoder)

I aiming for abstraction and reversibility
I denoising AE — randomly turn some weights to zero

Learning Continuous Semantic Representations of Symbolic Expressions
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(a) Architectural diagram of EQNETs. Example parse tree shown is of the boolean expression (a ∨ c) ∧ a.

COMBINE (rc0 , . . . , rck , τp)
l̄0 ← [rc0 , . . . , rck ]
l̄1 ← σ

(
Wi,τp · l̄0

)

l̄out ←Wo0,τp · l̄0 +Wo1,τp · l̄1
return l̄out/

∥∥l̄out
∥∥
2

(b) COMBINE of EQNET.

SUBEXPAE (rc0 , . . . , rck , rp, τp)
x← [rc0 , . . . , rck ]
x̃← tanh

(
Wd · tanh

(
We,τp · [rp,x] · n

))

x̃← x̃ · ‖x‖2 / ‖x̃‖2
r̃p ← COMBINE(x̃, τp)
return −

(
x̃>x + r̃>p rp

)

(c) Loss function used for subexpression autoencoder

Figure 1. EQNET architecture.

move syntactic “noise”. Any syntactic operation may sig-
nificantly change semantics (e.g. negation, or appending
∧FALSE) while we may reach the same semantic state
through many possible operations. This necessitates us-
ing high-curvature operations over the semantic representa-
tion space. Furthermore, some operations are semantically
reversible and thus we need to learn reversible semantic
representations (e.g. ¬¬A and A should have an identical
SEMVECs). Based on these, we define neural equivalence
networks (EQNET), which learn to compose representations
of equivalence classes into new equivalence classes (Fig-
ure 1a). Our network follows the TREENN architecture,
i.e. is implemented using TREENN to model the composi-
tional nature of symbolic expressions but is adapted based
on the domain requirements. The extensions we introduce
have two aims: first, to improve the network training; and
second, and more interestingly, to encourage the learned
representations to abstract away surface level information
while retaining semantic content.

The first extension that we introduce is to the network struc-
ture at each layer in the tree. Traditional TREENNs (Socher
et al., 2013) use a single-layer neural network at each tree
node. During our preliminary investigations and in Sec-
tion 3, we found that single layer networks are not ade-
quately expressive to capture all operations that transform
the input SEMVECs to the output SEMVEC and maintain
semantic equivalences, requiring high-curvature operations.
Part of the problem stems from the fact that within the
Euclidean space of SEMVECs some operations need to be
non-linear. For example a simple XOR boolean operator re-
quires high-curvature operations in the continuous semantic
representation space. Instead, we turn to multi-layer neural
networks. In particular, we define the network as shown

in the function COMBINE in Figure 1b. This uses a two-
layer MLP with a residual-like connection to compute the
SEMVEC of each parent node in that syntax tree given that
of its children. Each node type τn, e.g., each logical oper-
ator, has a different set of weights. We experimented with
deeper networks but this did not yield any improvements.

However, as TREENNs become deeper, they suffer from
optimization issues, such as diminishing and exploding gra-
dients. This is essentially because of the highly compo-
sitional nature of tree structures, where the same network
(i.e. the COMBINE non-linear function) is used recursively,
causing it to “echo” its own errors and producing unstable
feedback loops. We observe this problem even with only
two-layer MLPs, as the overall network can become quite
deep when using two layers for each node in the syntax
tree. We resolve this issue in the training procedure by
constraining each SEMVEC to have unit norm. That is, we
set LOOKUPLEAFEMBEDDING(τn) = Cτn/ ‖Cτn‖2 , and
we normalize the output of the final layer of COMBINE in
Figure 1b. The normalization step of l̄out and Cτn is some-
what similar to weight normalization (Salimans & Kingma,
2016) and vaguely resembles layer normalization (Ba et al.,
2016). Normalizing the SEMVECs partially resolves issues
with diminishing and exploding gradients, and removes a
spurious degree of freedom in the semantic representation.
As simple as this modification may seem, we found it vital
for obtaining good performance, and all of our multi-layer
TREENNs converged to low-performing settings without it.

Although these modifications seem to improve the represen-
tation capacity of the network and its ability to be trained,
we found that they were not on their own sufficient for good
performance. In our early experiments, we noticed that the

image source: Allamanis et al. 2017
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Tree-LSTM (Tai, Socher, and Manning 2015)
I gating vectors and memory cell updates are dependent on the

states of possibly many child units
I it contains a forget gate for each child

I child-sum or at most 𝑁 ordered children

image source: Chris Olah
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Bottom-up recursive model
Say we want to test whether a propositional formula is TAUT. We
compute the embeddings of more complex objects from the
embeddings of simple objects. We learn
I the embeddings of atoms and
I NNs for logical connectives (combine).

Top-Down Neural Model For Formulae
Karel Chvalovský

Czech Technical University in Prague, karel@chvalovsky.cz

Goal
We want a heuristic for the following problem:

Input: A formula F in propositional logic.
Output: Is F a tautology (=always true)?

• a formula consists of propositional atoms and logical connectives
•we can also test other properties of formulae

Bottom-up recursive model

A formula is a tree and hence a common way how to represent it is
using recursive neural nets [1] (also called TreeNNs). We compute the
embeddings of more complex objects from the embeddings of simple
objects. We learn
• the embeddings of atoms
•neural networks for logical connectives (connect)

Taut?

embedding of formula

embeddings of atoms

∨

∧

Top-down recursive model

We change the order of propagation; the embedding of the property is
propagated to subformulae. We learn
• the embedding of the property (tautology)
•neural networks for logical connectives (disconnect)

embedding of property

embeddings of atoms

Taut?

∨

∧

Our model for F = (p→ q) ∨ (q → p)

w

c∨

c→ c→

p1 q1 q2 p2

RNN-Var

RNN-Var

p1 p2

q1 q2

p q RNN-All

Final

out
Vectors (in Rd):

•w is the input embedding of the property (tautology)
•p1, p2, q1, and q2 represent the individual occurrences of atoms in F ,
where p1 corresponds to the first occurrence of the atom p in F

•p and q represent all the occurrences of p and q in F , respectively
•out ∈ R2 gives true/false

Neural networks:
•c∨ and c→ represent binary connectives ∨ and →, respectively
• they are functions Rd→ Rd × Rd, because ∨ and → are binary connectives
•RNN-Var aggregates vectors corresponding to the same atom
•RNN-All aggregates the outputs of RNN-Var components
•Final is a final decision layer

We train representations of w, ci, RNN-Var, RNN-All, and Final.
These components are shared among all the formulae. For a single
formula we produce a model (neural network) recursively from them.

Properties of top-down models

• insensitive to the renaming of atoms
• can evaluate unseen atoms and the number of distinct atoms that
can occur in a formula is only bounded by the ability of RNN-All to
correctly process the outputs of RNN-Var
•harder to interpret the produced models
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Experiments

We use the dataset from [2] where the task is whether B follows from
A, which is equivalent to A → B is a tautology. It contains various
test sets; their difficulty is given both by the length of formulae and the
number of distinct atoms occurring in them.

accuracy
model valid easy hard big massive exam

TreeNet Encoders 72.7 72.2 69.7 67.9 56.6 85.0
TreeLSTM Encoders 79.1 77.8 74.2 74.2 59.3 75.0
PossibleWorldNet 98.7 98.6 96.7 93.9 73.4 96.0

TopDownNet (d = 128) 94.0 92.8 81.0 80.7 79.7 95.0
TopDownNet (d = 256) 95.1 95.2 82.3 80.3 82.4 95.0
TopDownNet (d = 512) 95.1 95.3 84.2 83.6 83.6 96.0
TopDownNet (d = 1024) 95.5 95.9 83.2 81.6 83.6 96.0

Note that the table is slightly misleading, because other models use d = 64. However,
PossibleWorldNet uses 256 possible worlds and TopDownNet (d = 64) has accuracy
over 80 on the massive test set (and it performs similarly for smaller values of d).

Possible future extensions

•more complicated structures of models
• use both directions
• add shortcuts and other more complex graph structures
•produce representations of formulae useful for other types of tasks
•first-order logic formulae
• variables
• quantification and Skolem symbols
• function and predicate symbols
•non-classical logics
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Top-down recursive model
We change the order of propagation; the embedding of the
property is propagated to subformulas. We learn
I the embedding of the property (tautology) and
I NNs for logical connectives (split).

Top-Down Neural Model For Formulae
Karel Chvalovský

Czech Technical University in Prague, karel@chvalovsky.cz

Goal
We want a heuristic for the following problem:

Input: A formula F in propositional logic.
Output: Is F a tautology (=always true)?

• a formula consists of propositional atoms and logical connectives
•we can also test other properties of formulae

Bottom-up recursive model

A formula is a tree and hence a common way how to represent it is
using recursive neural nets [1] (also called TreeNNs). We compute the
embeddings of more complex objects from the embeddings of simple
objects. We learn
• the embeddings of atoms
•neural networks for logical connectives (connect)

Taut?

embedding of formula

embeddings of atoms

∨

∧

Top-down recursive model

We change the order of propagation; the embedding of the property is
propagated to subformulae. We learn
• the embedding of the property (tautology)
•neural networks for logical connectives (disconnect)

embedding of property

embeddings of atoms

Taut?

∨

∧

Our model for F = (p→ q) ∨ (q → p)

w

c∨

c→ c→

p1 q1 q2 p2

RNN-Var

RNN-Var

p1 p2

q1 q2

p q RNN-All

Final

out
Vectors (in Rd):

•w is the input embedding of the property (tautology)
•p1, p2, q1, and q2 represent the individual occurrences of atoms in F ,
where p1 corresponds to the first occurrence of the atom p in F

•p and q represent all the occurrences of p and q in F , respectively
•out ∈ R2 gives true/false

Neural networks:
•c∨ and c→ represent binary connectives ∨ and →, respectively
• they are functions Rd→ Rd × Rd, because ∨ and → are binary connectives
•RNN-Var aggregates vectors corresponding to the same atom
•RNN-All aggregates the outputs of RNN-Var components
•Final is a final decision layer

We train representations of w, ci, RNN-Var, RNN-All, and Final.
These components are shared among all the formulae. For a single
formula we produce a model (neural network) recursively from them.

Properties of top-down models

• insensitive to the renaming of atoms
• can evaluate unseen atoms and the number of distinct atoms that
can occur in a formula is only bounded by the ability of RNN-All to
correctly process the outputs of RNN-Var
•harder to interpret the produced models

References
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works Understand Logical Entailment?” In: ICLR. 2018.

Experiments

We use the dataset from [2] where the task is whether B follows from
A, which is equivalent to A → B is a tautology. It contains various
test sets; their difficulty is given both by the length of formulae and the
number of distinct atoms occurring in them.

accuracy
model valid easy hard big massive exam

TreeNet Encoders 72.7 72.2 69.7 67.9 56.6 85.0
TreeLSTM Encoders 79.1 77.8 74.2 74.2 59.3 75.0
PossibleWorldNet 98.7 98.6 96.7 93.9 73.4 96.0

TopDownNet (d = 128) 94.0 92.8 81.0 80.7 79.7 95.0
TopDownNet (d = 256) 95.1 95.2 82.3 80.3 82.4 95.0
TopDownNet (d = 512) 95.1 95.3 84.2 83.6 83.6 96.0
TopDownNet (d = 1024) 95.5 95.9 83.2 81.6 83.6 96.0

Note that the table is slightly misleading, because other models use d = 64. However,
PossibleWorldNet uses 256 possible worlds and TopDownNet (d = 64) has accuracy
over 80 on the massive test set (and it performs similarly for smaller values of d).

Possible future extensions

•more complicated structures of models
• use both directions
• add shortcuts and other more complex graph structures
•produce representations of formulae useful for other types of tasks
•first-order logic formulae
• variables
• quantification and Skolem symbols
• function and predicate symbols
•non-classical logics
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Top-down model for 𝐹 = (𝑝 → 𝑞) ∨ (𝑞 → 𝑝)

Top-Down Neural Model For Formulae
Karel Chvalovský

Czech Technical University in Prague, karel@chvalovsky.cz

Goal
We want a heuristic for the following problem:

Input: A formula F in propositional logic.
Output: Is F a tautology (=always true)?

• a formula consists of propositional atoms and logical connectives
•we can also test other properties of formulae

Bottom-up recursive model

A formula is a tree and hence a common way how to represent it is
using recursive neural nets [1] (also called TreeNNs). We compute the
embeddings of more complex objects from the embeddings of simple
objects. We learn
• the embeddings of atoms
•neural networks for logical connectives (connect)

Taut?

embedding of formula

embeddings of atoms

∨

∧

Top-down recursive model

We change the order of propagation; the embedding of the property is
propagated to subformulae. We learn
• the embedding of the property (tautology)
•neural networks for logical connectives (disconnect)

embedding of property

embeddings of atoms

Taut?

∨

∧

Our model for F = (p→ q) ∨ (q → p)

w

c∨

c→ c→

p1 q1 q2 p2

RNN-Var

RNN-Var

p1 p2

q1 q2

p q RNN-All

Final

out
Vectors (in Rd):

•w is the input embedding of the property (tautology)
•p1, p2, q1, and q2 represent the individual occurrences of atoms in F ,
where p1 corresponds to the first occurrence of the atom p in F

•p and q represent all the occurrences of p and q in F , respectively
•out ∈ R2 gives true/false

Neural networks:
•c∨ and c→ represent binary connectives ∨ and →, respectively
• they are functions Rd→ Rd × Rd, because ∨ and → are binary connectives
•RNN-Var aggregates vectors corresponding to the same atom
•RNN-All aggregates the outputs of RNN-Var components
•Final is a final decision layer

We train representations of w, ci, RNN-Var, RNN-All, and Final.
These components are shared among all the formulae. For a single
formula we produce a model (neural network) recursively from them.

Properties of top-down models

• insensitive to the renaming of atoms
• can evaluate unseen atoms and the number of distinct atoms that
can occur in a formula is only bounded by the ability of RNN-All to
correctly process the outputs of RNN-Var
•harder to interpret the produced models
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Experiments

We use the dataset from [2] where the task is whether B follows from
A, which is equivalent to A → B is a tautology. It contains various
test sets; their difficulty is given both by the length of formulae and the
number of distinct atoms occurring in them.

accuracy
model valid easy hard big massive exam

TreeNet Encoders 72.7 72.2 69.7 67.9 56.6 85.0
TreeLSTM Encoders 79.1 77.8 74.2 74.2 59.3 75.0
PossibleWorldNet 98.7 98.6 96.7 93.9 73.4 96.0

TopDownNet (d = 128) 94.0 92.8 81.0 80.7 79.7 95.0
TopDownNet (d = 256) 95.1 95.2 82.3 80.3 82.4 95.0
TopDownNet (d = 512) 95.1 95.3 84.2 83.6 83.6 96.0
TopDownNet (d = 1024) 95.5 95.9 83.2 81.6 83.6 96.0

Note that the table is slightly misleading, because other models use d = 64. However,
PossibleWorldNet uses 256 possible worlds and TopDownNet (d = 64) has accuracy
over 80 on the massive test set (and it performs similarly for smaller values of d).

Possible future extensions

•more complicated structures of models
• use both directions
• add shortcuts and other more complex graph structures
•produce representations of formulae useful for other types of tasks
•first-order logic formulae
• variables
• quantification and Skolem symbols
• function and predicate symbols
•non-classical logics
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We train the representations of 𝑤, 𝑐𝑖, RNN-Var, RNN-All, and
Final. These components are shared among all the formulas. For a
single formula we produce a model (neural network) recursively
from them.
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Properties of top-down models

Top-down models
I are insensitive to the renaming of atoms,
I can evaluate unseen atoms and the number of distinct atoms

that can occur in a formula is only bounded by the ability of
RNN-All to correctly process the outputs of RNN-Var,

I work quite well for some sets of formulas,
I make it harder to interpret the produced representations, and
I can be reasonably extended to FOL, but it more or less leads

to more complicated structures and hence graph NNs (GNNs).
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Graph Neural Networks

GNNs generalize recursive NNs (TreeNNs) to arbitrarily structured
graphs (data) and were introduced in Gori, Monfardini, and
Scarselli 2005 and Scarselli et al. 2009.

A possible model is
Attributes
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which contains vertices (nodes), edges, and u is a global attribute.
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Updates
GNNs use an iterative process to update embeddings:
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<latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit>

e0k
<latexit sha1_base64="a1hco1MShws4KpmpFnenOcfEqyc=">AAAB9HicdVDLSgMxFM34rPVVdekmWMSuhkxtsd0V3LisYB/QDiWT3mlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrTciHtba+sbm1ndvJ7+7tHxwWjo7bKkokgxaLRCS7HlUgeAgtzbWAbiyBBp6Ajje5zvzOFKTiUXinZzG4AR2F3OeMaiO5/YDqseenML8YTAaFIrGdCilXy5jY1XqdVOqG1KqXpEywY5MFimiF5qDw3h9GLAkg1ExQpXoOibWbUqk5EzDP9xMFMWUTOoKeoSENQLnpIvQcnxtliP1ImhdqvFC/b6Q0UGoWeGYyC6l+e5n4l9dLtF9zUx7GiYaQLQ/5icA6wlkDeMglMC1mhlAmucmK2ZhKyrTpKW9K+Pop/p+0y7ZjurqtFBulVR05dIrOUAk56Ao10A1qohZi6B49oCf0bE2tR+vFel2OrlmrnRP0A9bbJyRskkI=</latexit><latexit sha1_base64="a1hco1MShws4KpmpFnenOcfEqyc=">AAAB9HicdVDLSgMxFM34rPVVdekmWMSuhkxtsd0V3LisYB/QDiWT3mlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrTciHtba+sbm1ndvJ7+7tHxwWjo7bKkokgxaLRCS7HlUgeAgtzbWAbiyBBp6Ajje5zvzOFKTiUXinZzG4AR2F3OeMaiO5/YDqseenML8YTAaFIrGdCilXy5jY1XqdVOqG1KqXpEywY5MFimiF5qDw3h9GLAkg1ExQpXoOibWbUqk5EzDP9xMFMWUTOoKeoSENQLnpIvQcnxtliP1ImhdqvFC/b6Q0UGoWeGYyC6l+e5n4l9dLtF9zUx7GiYaQLQ/5icA6wlkDeMglMC1mhlAmucmK2ZhKyrTpKW9K+Pop/p+0y7ZjurqtFBulVR05dIrOUAk56Ao10A1qohZi6B49oCf0bE2tR+vFel2OrlmrnRP0A9bbJyRskkI=</latexit><latexit sha1_base64="a1hco1MShws4KpmpFnenOcfEqyc=">AAAB9HicdVDLSgMxFM34rPVVdekmWMSuhkxtsd0V3LisYB/QDiWT3mlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrTciHtba+sbm1ndvJ7+7tHxwWjo7bKkokgxaLRCS7HlUgeAgtzbWAbiyBBp6Ajje5zvzOFKTiUXinZzG4AR2F3OeMaiO5/YDqseenML8YTAaFIrGdCilXy5jY1XqdVOqG1KqXpEywY5MFimiF5qDw3h9GLAkg1ExQpXoOibWbUqk5EzDP9xMFMWUTOoKeoSENQLnpIvQcnxtliP1ImhdqvFC/b6Q0UGoWeGYyC6l+e5n4l9dLtF9zUx7GiYaQLQ/5icA6wlkDeMglMC1mhlAmucmK2ZhKyrTpKW9K+Pop/p+0y7ZjurqtFBulVR05dIrOUAk56Ao10A1qohZi6B49oCf0bE2tR+vFel2OrlmrnRP0A9bbJyRskkI=</latexit><latexit sha1_base64="a1hco1MShws4KpmpFnenOcfEqyc=">AAAB9HicdVDLSgMxFM34rPVVdekmWMSuhkxtsd0V3LisYB/QDiWT3mlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrTciHtba+sbm1ndvJ7+7tHxwWjo7bKkokgxaLRCS7HlUgeAgtzbWAbiyBBp6Ajje5zvzOFKTiUXinZzG4AR2F3OeMaiO5/YDqseenML8YTAaFIrGdCilXy5jY1XqdVOqG1KqXpEywY5MFimiF5qDw3h9GLAkg1ExQpXoOibWbUqk5EzDP9xMFMWUTOoKeoSENQLnpIvQcnxtliP1ImhdqvFC/b6Q0UGoWeGYyC6l+e5n4l9dLtF9zUx7GiYaQLQ/5icA6wlkDeMglMC1mhlAmucmK2ZhKyrTpKW9K+Pop/p+0y7ZjurqtFBulVR05dIrOUAk56Ao10A1qohZi6B49oCf0bE2tR+vFel2OrlmrnRP0A9bbJyRskkI=</latexit>

u
<latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit>

e0k
<latexit sha1_base64="TmBm7ikN3ChoJpDcsfwhm1T5rLk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvYVZkRQZcFNy4r2Ae0Q8mkd9rQTGZMMoUy9DvcuFDErR/jzr8x03ahrQcCh3Pu5Z6cIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxXe63J6g0j+WjmSboR3QoecgZNVbyexE1oyDMcHbZH/fLFbfmzkHWibckFVii0S9/9QYxSyOUhgmqdddzE+NnVBnOBM5KvVRjQtmYDrFrqaQRaj+bh56RC6sMSBgr+6Qhc/X3RkYjradRYCfzkHrVy8X/vG5qwls/4zJJDUq2OBSmgpiY5A2QAVfIjJhaQpniNithI6ooM7anki3BW/3yOmld1Ty35j1cV+rVZR1FOINzqIIHN1CHe2hAExg8wTO8wpszcV6cd+djMVpwljun8AfO5w/CAJH+</latexit><latexit sha1_base64="TmBm7ikN3ChoJpDcsfwhm1T5rLk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvYVZkRQZcFNy4r2Ae0Q8mkd9rQTGZMMoUy9DvcuFDErR/jzr8x03ahrQcCh3Pu5Z6cIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxXe63J6g0j+WjmSboR3QoecgZNVbyexE1oyDMcHbZH/fLFbfmzkHWibckFVii0S9/9QYxSyOUhgmqdddzE+NnVBnOBM5KvVRjQtmYDrFrqaQRaj+bh56RC6sMSBgr+6Qhc/X3RkYjradRYCfzkHrVy8X/vG5qwls/4zJJDUq2OBSmgpiY5A2QAVfIjJhaQpniNithI6ooM7anki3BW/3yOmld1Ty35j1cV+rVZR1FOINzqIIHN1CHe2hAExg8wTO8wpszcV6cd+djMVpwljun8AfO5w/CAJH+</latexit><latexit sha1_base64="TmBm7ikN3ChoJpDcsfwhm1T5rLk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvYVZkRQZcFNy4r2Ae0Q8mkd9rQTGZMMoUy9DvcuFDErR/jzr8x03ahrQcCh3Pu5Z6cIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxXe63J6g0j+WjmSboR3QoecgZNVbyexE1oyDMcHbZH/fLFbfmzkHWibckFVii0S9/9QYxSyOUhgmqdddzE+NnVBnOBM5KvVRjQtmYDrFrqaQRaj+bh56RC6sMSBgr+6Qhc/X3RkYjradRYCfzkHrVy8X/vG5qwls/4zJJDUq2OBSmgpiY5A2QAVfIjJhaQpniNithI6ooM7anki3BW/3yOmld1Ty35j1cV+rVZR1FOINzqIIHN1CHe2hAExg8wTO8wpszcV6cd+djMVpwljun8AfO5w/CAJH+</latexit><latexit sha1_base64="TmBm7ikN3ChoJpDcsfwhm1T5rLk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvYVZkRQZcFNy4r2Ae0Q8mkd9rQTGZMMoUy9DvcuFDErR/jzr8x03ahrQcCh3Pu5Z6cIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxXe63J6g0j+WjmSboR3QoecgZNVbyexE1oyDMcHbZH/fLFbfmzkHWibckFVii0S9/9QYxSyOUhgmqdddzE+NnVBnOBM5KvVRjQtmYDrFrqaQRaj+bh56RC6sMSBgr+6Qhc/X3RkYjradRYCfzkHrVy8X/vG5qwls/4zJJDUq2OBSmgpiY5A2QAVfIjJhaQpniNithI6ooM7anki3BW/3yOmld1Ty35j1cV+rVZR1FOINzqIIHN1CHe2hAExg8wTO8wpszcV6cd+djMVpwljun8AfO5w/CAJH+</latexit>v0

i
<latexit sha1_base64="eeLXdOBZMDToGpT2JKCAlGanLL8=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBG7GjK1xXZXcOOygn1AO5RMmmlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo7bKkokZS0aiUh2PaKY4CFraa4F68aSkcATrONNrjO/M2VS8Si807OYuQEZhdznlGgjuf2A6LHnp9P5xYAPCkVsOxVcrpYRtqv1Oq7UDalVL3EZI8fGCxRhheag8N4fRjQJWKipIEr1HBxrNyVScyrYPN9PFIsJnZAR6xkakoApN12EnqNzowyRH0nzQo0W6veNlARKzQLPTGYh1W8vE//yeon2a27KwzjRLKTLQ34ikI5Q1gAacsmoFjNDCJXcZEV0TCSh2vSUNyV8/RT9T9pl2zFd3VaKjdKqjhycwhmUwIEraMANNKEFFO7hAZ7g2Zpaj9aL9bocXbNWOyfwA9bbJztsklE=</latexit><latexit sha1_base64="eeLXdOBZMDToGpT2JKCAlGanLL8=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBG7GjK1xXZXcOOygn1AO5RMmmlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo7bKkokZS0aiUh2PaKY4CFraa4F68aSkcATrONNrjO/M2VS8Si807OYuQEZhdznlGgjuf2A6LHnp9P5xYAPCkVsOxVcrpYRtqv1Oq7UDalVL3EZI8fGCxRhheag8N4fRjQJWKipIEr1HBxrNyVScyrYPN9PFIsJnZAR6xkakoApN12EnqNzowyRH0nzQo0W6veNlARKzQLPTGYh1W8vE//yeon2a27KwzjRLKTLQ34ikI5Q1gAacsmoFjNDCJXcZEV0TCSh2vSUNyV8/RT9T9pl2zFd3VaKjdKqjhycwhmUwIEraMANNKEFFO7hAZ7g2Zpaj9aL9bocXbNWOyfwA9bbJztsklE=</latexit><latexit sha1_base64="eeLXdOBZMDToGpT2JKCAlGanLL8=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBG7GjK1xXZXcOOygn1AO5RMmmlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo7bKkokZS0aiUh2PaKY4CFraa4F68aSkcATrONNrjO/M2VS8Si807OYuQEZhdznlGgjuf2A6LHnp9P5xYAPCkVsOxVcrpYRtqv1Oq7UDalVL3EZI8fGCxRhheag8N4fRjQJWKipIEr1HBxrNyVScyrYPN9PFIsJnZAR6xkakoApN12EnqNzowyRH0nzQo0W6veNlARKzQLPTGYh1W8vE//yeon2a27KwzjRLKTLQ34ikI5Q1gAacsmoFjNDCJXcZEV0TCSh2vSUNyV8/RT9T9pl2zFd3VaKjdKqjhycwhmUwIEraMANNKEFFO7hAZ7g2Zpaj9aL9bocXbNWOyfwA9bbJztsklE=</latexit><latexit sha1_base64="eeLXdOBZMDToGpT2JKCAlGanLL8=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBG7GjK1xXZXcOOygn1AO5RMmmlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo7bKkokZS0aiUh2PaKY4CFraa4F68aSkcATrONNrjO/M2VS8Si807OYuQEZhdznlGgjuf2A6LHnp9P5xYAPCkVsOxVcrpYRtqv1Oq7UDalVL3EZI8fGCxRhheag8N4fRjQJWKipIEr1HBxrNyVScyrYPN9PFIsJnZAR6xkakoApN12EnqNzowyRH0nzQo0W6veNlARKzQLPTGYh1W8vE//yeon2a27KwzjRLKTLQ34ikI5Q1gAacsmoFjNDCJXcZEV0TCSh2vSUNyV8/RT9T9pl2zFd3VaKjdKqjhycwhmUwIEraMANNKEFFO7hAZ7g2Zpaj9aL9bocXbNWOyfwA9bbJztsklE=</latexit>

u0
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<latexit sha1_base64="PT7VlVtIO1b4RdkSG9z8jpkhSqk=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSL2VBIR9Fjw4rGC/YA2lM120y7dbOLupFhCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj25nfGnNtRKwecJJwP6IDJULBKFrJ7yJ/wiDMxtOLnuiVym7VnYOsEi8nZchR75W+uv2YpRFXyCQ1puO5CfoZ1SiY5NNiNzU8oWxEB7xjqaIRN342P3pKzq3SJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrMESF9ozlBOLKFMC3srYUOqKUObU9GG4C2/vEqal1XPrXr3V+VaJY+jAKdwBhXw4BpqcAd1aACDR3iGV3hzxs6L8+58LFrXnHzmBP7A+fwBAvSSKA==</latexit><latexit sha1_base64="PT7VlVtIO1b4RdkSG9z8jpkhSqk=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSL2VBIR9Fjw4rGC/YA2lM120y7dbOLupFhCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj25nfGnNtRKwecJJwP6IDJULBKFrJ7yJ/wiDMxtOLnuiVym7VnYOsEi8nZchR75W+uv2YpRFXyCQ1puO5CfoZ1SiY5NNiNzU8oWxEB7xjqaIRN342P3pKzq3SJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrMESF9ozlBOLKFMC3srYUOqKUObU9GG4C2/vEqal1XPrXr3V+VaJY+jAKdwBhXw4BpqcAd1aACDR3iGV3hzxs6L8+58LFrXnHzmBP7A+fwBAvSSKA==</latexit><latexit sha1_base64="6WjtAQy1eEki3DeLmUkkI9Sk/Os=">AAAB53icbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9gFtkMnkph06mYSZiVBCf8CNC0Xc+kvu/BunaRbaemDgcM65zL0nSAXXxnW/ncrG5tb2TnW3trd/cHhUPz7p6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB6u/D7T6g0T+SDmaXox3QsecQZNVbqPNYbbsstQNaJV5IGlLD5r1GYsCxGaZigWg89NzV+TpXhTOC8Nso0ppRN6RiHlkoao/bzYs85ubBKSKJE2ScNKdTfEzmNtZ7FgU3G1Ez0qrcQ//OGmYlu/JzLNDMo2fKjKBPEJGRxNAm5QmbEzBLKFLe7EjahijJjq6nZErzVk9dJ77LluS3v/qrRbpZ1VOEMzqEJHlxDG+6gA11gEMIzvMKbw50X5935WEYrTjlzCn/gfP4AA6WMYA==</latexit><latexit sha1_base64="6WjtAQy1eEki3DeLmUkkI9Sk/Os=">AAAB53icbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9gFtkMnkph06mYSZiVBCf8CNC0Xc+kvu/BunaRbaemDgcM65zL0nSAXXxnW/ncrG5tb2TnW3trd/cHhUPz7p6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB6u/D7T6g0T+SDmaXox3QsecQZNVbqPNYbbsstQNaJV5IGlLD5r1GYsCxGaZigWg89NzV+TpXhTOC8Nso0ppRN6RiHlkoao/bzYs85ubBKSKJE2ScNKdTfEzmNtZ7FgU3G1Ez0qrcQ//OGmYlu/JzLNDMo2fKjKBPEJGRxNAm5QmbEzBLKFLe7EjahijJjq6nZErzVk9dJ77LluS3v/qrRbpZ1VOEMzqEJHlxDG+6gA11gEMIzvMKbw50X5935WEYrTjlzCn/gfP4AA6WMYA==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="OfCCjkcIiyDbxmNKxve032U7QH4=">AAAB3HicbVBNS8NAEJ3Ur1qrVq9eFovgqSRe9Ch48VjBfkAbZLOZtEs3m7A7EUroH/DiQRF/lzf/jduPg7Y+GHi8N8PMvChX0pLvf3uVre2d3b3qfu2gfnh03Dipd21WGIEdkanM9CNuUUmNHZKksJ8b5GmksBdN7uZ+7xmNlZl+pGmOYcpHWiZScHJS+6nR9Fv+AmyTBCvShBVc/9cwzkSRoiahuLWDwM8pLLkhKRTOasPCYs7FhI9w4KjmKdqwXNw5YxdOiVmSGVea2EL9PVHy1NppGrnOlNPYrntz8T9vUFByE5ZS5wWhFstFSaEYZWz+NIulQUFq6ggXRrpbmRhzwwW5aGouhGD95U3SvWoFfit48KEKZ3AOlxDANdzCPbShAwJieIE3ePek9+p9LOOqeKvcTuEPvM8f/CqLKA==</latexit><latexit sha1_base64="OfCCjkcIiyDbxmNKxve032U7QH4=">AAAB3HicbVBNS8NAEJ3Ur1qrVq9eFovgqSRe9Ch48VjBfkAbZLOZtEs3m7A7EUroH/DiQRF/lzf/jduPg7Y+GHi8N8PMvChX0pLvf3uVre2d3b3qfu2gfnh03Dipd21WGIEdkanM9CNuUUmNHZKksJ8b5GmksBdN7uZ+7xmNlZl+pGmOYcpHWiZScHJS+6nR9Fv+AmyTBCvShBVc/9cwzkSRoiahuLWDwM8pLLkhKRTOasPCYs7FhI9w4KjmKdqwXNw5YxdOiVmSGVea2EL9PVHy1NppGrnOlNPYrntz8T9vUFByE5ZS5wWhFstFSaEYZWz+NIulQUFq6ggXRrpbmRhzwwW5aGouhGD95U3SvWoFfit48KEKZ3AOlxDANdzCPbShAwJieIE3ePek9+p9LOOqeKvcTuEPvM8f/CqLKA==</latexit><latexit sha1_base64="PwZ8GjhNs4EFPNOrNCQnWexiUCQ=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvQVZlxo8uCG5cV7APaQTKZTBuaZIbkjlCG/oAbF4q49Zfc+Tem7Sy0eiBwOOdccu+JMiks+v6XV9nY3Nreqe7W9vYPDo/qxyc9m+aG8S5LZWoGEbVcCs27KFDyQWY4VZHk/Wh6s/D7j9xYkep7nGU8VHSsRSIYRSd1HuoNv+UvQf6SoCQNKOHyn6M4ZbniGpmk1g4DP8OwoAYFk3xeG+WWZ5RN6ZgPHdVUcRsWyz3n5MIpMUlS455GslR/ThRUWTtTkUsqihO77i3E/7xhjsl1WAid5cg1W32U5JJgShZHk1gYzlDOHKHMCLcrYRNqKENXTc2VEKyf/Jf0LluB3wru/Ea7WdZRhTM4hyYEcAVtuIUOdIFBDE/wAq+e8J69N+99Fa145cwp/IL38Q0CZYxc</latexit><latexit sha1_base64="6WjtAQy1eEki3DeLmUkkI9Sk/Os=">AAAB53icbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9gFtkMnkph06mYSZiVBCf8CNC0Xc+kvu/BunaRbaemDgcM65zL0nSAXXxnW/ncrG5tb2TnW3trd/cHhUPz7p6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB6u/D7T6g0T+SDmaXox3QsecQZNVbqPNYbbsstQNaJV5IGlLD5r1GYsCxGaZigWg89NzV+TpXhTOC8Nso0ppRN6RiHlkoao/bzYs85ubBKSKJE2ScNKdTfEzmNtZ7FgU3G1Ez0qrcQ//OGmYlu/JzLNDMo2fKjKBPEJGRxNAm5QmbEzBLKFLe7EjahijJjq6nZErzVk9dJ77LluS3v/qrRbpZ1VOEMzqEJHlxDG+6gA11gEMIzvMKbw50X5935WEYrTjlzCn/gfP4AA6WMYA==</latexit><latexit sha1_base64="6WjtAQy1eEki3DeLmUkkI9Sk/Os=">AAAB53icbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9gFtkMnkph06mYSZiVBCf8CNC0Xc+kvu/BunaRbaemDgcM65zL0nSAXXxnW/ncrG5tb2TnW3trd/cHhUPz7p6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB6u/D7T6g0T+SDmaXox3QsecQZNVbqPNYbbsstQNaJV5IGlLD5r1GYsCxGaZigWg89NzV+TpXhTOC8Nso0ppRN6RiHlkoao/bzYs85ubBKSKJE2ScNKdTfEzmNtZ7FgU3G1Ez0qrcQ//OGmYlu/JzLNDMo2fKjKBPEJGRxNAm5QmbEzBLKFLe7EjahijJjq6nZErzVk9dJ77LluS3v/qrRbpZ1VOEMzqEJHlxDG+6gA11gEMIzvMKbw50X5935WEYrTjlzCn/gfP4AA6WMYA==</latexit><latexit sha1_base64="6WjtAQy1eEki3DeLmUkkI9Sk/Os=">AAAB53icbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9gFtkMnkph06mYSZiVBCf8CNC0Xc+kvu/BunaRbaemDgcM65zL0nSAXXxnW/ncrG5tb2TnW3trd/cHhUPz7p6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB6u/D7T6g0T+SDmaXox3QsecQZNVbqPNYbbsstQNaJV5IGlLD5r1GYsCxGaZigWg89NzV+TpXhTOC8Nso0ppRN6RiHlkoao/bzYs85ubBKSKJE2ScNKdTfEzmNtZ7FgU3G1Ez0qrcQ//OGmYlu/JzLNDMo2fKjKBPEJGRxNAm5QmbEzBLKFLe7EjahijJjq6nZErzVk9dJ77LluS3v/qrRbpZ1VOEMzqEJHlxDG+6gA11gEMIzvMKbw50X5935WEYrTjlzCn/gfP4AA6WMYA==</latexit><latexit sha1_base64="6WjtAQy1eEki3DeLmUkkI9Sk/Os=">AAAB53icbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9gFtkMnkph06mYSZiVBCf8CNC0Xc+kvu/BunaRbaemDgcM65zL0nSAXXxnW/ncrG5tb2TnW3trd/cHhUPz7p6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB6u/D7T6g0T+SDmaXox3QsecQZNVbqPNYbbsstQNaJV5IGlLD5r1GYsCxGaZigWg89NzV+TpXhTOC8Nso0ppRN6RiHlkoao/bzYs85ubBKSKJE2ScNKdTfEzmNtZ7FgU3G1Ez0qrcQ//OGmYlu/JzLNDMo2fKjKBPEJGRxNAm5QmbEzBLKFLe7EjahijJjq6nZErzVk9dJ77LluS3v/qrRbpZ1VOEMzqEJHlxDG+6gA11gEMIzvMKbw50X5935WEYrTjlzCn/gfP4AA6WMYA==</latexit><latexit sha1_base64="6WjtAQy1eEki3DeLmUkkI9Sk/Os=">AAAB53icbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9gFtkMnkph06mYSZiVBCf8CNC0Xc+kvu/BunaRbaemDgcM65zL0nSAXXxnW/ncrG5tb2TnW3trd/cHhUPz7p6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB6u/D7T6g0T+SDmaXox3QsecQZNVbqPNYbbsstQNaJV5IGlLD5r1GYsCxGaZigWg89NzV+TpXhTOC8Nso0ppRN6RiHlkoao/bzYs85ubBKSKJE2ScNKdTfEzmNtZ7FgU3G1Ez0qrcQ//OGmYlu/JzLNDMo2fKjKBPEJGRxNAm5QmbEzBLKFLe7EjahijJjq6nZErzVk9dJ77LluS3v/qrRbpZ1VOEMzqEJHlxDG+6gA11gEMIzvMKbw50X5935WEYrTjlzCn/gfP4AA6WMYA==</latexit><latexit sha1_base64="6WjtAQy1eEki3DeLmUkkI9Sk/Os=">AAAB53icbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9gFtkMnkph06mYSZiVBCf8CNC0Xc+kvu/BunaRbaemDgcM65zL0nSAXXxnW/ncrG5tb2TnW3trd/cHhUPz7p6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB6u/D7T6g0T+SDmaXox3QsecQZNVbqPNYbbsstQNaJV5IGlLD5r1GYsCxGaZigWg89NzV+TpXhTOC8Nso0ppRN6RiHlkoao/bzYs85ubBKSKJE2ScNKdTfEzmNtZ7FgU3G1Ez0qrcQ//OGmYlu/JzLNDMo2fKjKBPEJGRxNAm5QmbEzBLKFLe7EjahijJjq6nZErzVk9dJ77LluS3v/qrRbpZ1VOEMzqEJHlxDG+6gA11gEMIzvMKbw50X5935WEYrTjlzCn/gfP4AA6WMYA==</latexit>

image source: Battaglia et al. 2018

I three types of updates — edges, nodes, and global attributes
I blue indicates what is being updated
I black indicates other elements that are involved in the update

I various subsets and orders of these three updates are possible
I before the update the values of same type are aggregated

I the number of aggregated values is not bounded
I we update based on values in the previous step or use even

the updated values (then the order of updates matters)
I initial values — learned, random, . . .
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Example: message passing

The spread of the information through the graph from a node:

m = 0
<latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit>

m = 1
<latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="41wuc+jmacSzA8ipzMzk3JQ30Cs=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFUybnQjCG5cVrS10A4lk95pQ5PMkGSEMvQR3LhQxLdy59uY/iy09UDg45yE3HviTArrKP0OShubW9s75d3KXnX/4LB2VG3bNDccWzyVqenEzKIUGltOOImdzCBTscSneHw7y5+e0ViR6kc3yTBSbKhFIjhz3npQ12G/VqcNOhdZh3AJdViq2a999QYpzxVqxyWzthvSzEUFM05widNKL7eYMT5mQ+x61EyhjYr5qFNy5p0BSVLjj3Zk7v5+UTBl7UTF/qZibmRXs5n5X9bNXXIVFUJnuUPNFx8luSQuJbO9yUAY5E5OPDBuhJ+V8BEzjDvfTsWXEK6uvA7ti0ZIG+E9hTKcwCmcQwiXcAN30IQWcBjCC7zBeyCD1+BjUVcpWPZ2DH8UfP4Arc6MHg==</latexit><latexit sha1_base64="41wuc+jmacSzA8ipzMzk3JQ30Cs=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFUybnQjCG5cVrS10A4lk95pQ5PMkGSEMvQR3LhQxLdy59uY/iy09UDg45yE3HviTArrKP0OShubW9s75d3KXnX/4LB2VG3bNDccWzyVqenEzKIUGltOOImdzCBTscSneHw7y5+e0ViR6kc3yTBSbKhFIjhz3npQ12G/VqcNOhdZh3AJdViq2a999QYpzxVqxyWzthvSzEUFM05widNKL7eYMT5mQ+x61EyhjYr5qFNy5p0BSVLjj3Zk7v5+UTBl7UTF/qZibmRXs5n5X9bNXXIVFUJnuUPNFx8luSQuJbO9yUAY5E5OPDBuhJ+V8BEzjDvfTsWXEK6uvA7ti0ZIG+E9hTKcwCmcQwiXcAN30IQWcBjCC7zBeyCD1+BjUVcpWPZ2DH8UfP4Arc6MHg==</latexit><latexit sha1_base64="c5O5JuZLnHr2YYnYcAr/a2hwAn0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoOQKtzZaCMEbCwjmg9IjrC3mSRLdveO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmRYngxvr+t1fY2Nza3inulvb2Dw6PyscnLROnmmGTxSLWnYgaFFxh03IrsJNopDIS2I4mt3O//YTa8Fg92mmCoaQjxYecUeukB3kT9MsVv+YvQNZJkJMK5Gj0y1+9QcxSicoyQY3pBn5iw4xqy5nAWamXGkwom9ARdh1VVKIJs8WpM3LhlAEZxtqVsmSh/p7IqDRmKiPXKakdm1VvLv7ndVM7vA4zrpLUomLLRcNUEBuT+d9kwDUyK6aOUKa5u5WwMdWUWZdOyYUQrL68TlqXtcCvBfd+pV7N4yjCGZxDFQK4gjrcQQOawGAEz/AKb57wXrx372PZWvDymVP4A+/zB74jjVU=</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit>

m = 2
<latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit>

m = 3
<latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit>

m = 0
<latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit>

m = 1
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m = 3
<latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit>

image source: Battaglia et al. 2018

This happens simultaneously for all nodes (and edges) not only for
the emphasized ones.
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FormulaNet (Wang et al. 2017)

We represent higher-order formulas by graphs (GNNs):

x
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f P

x x fc VAR
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c x
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VARFUNC

(a) (b) (c) (d)

VAR

Figure 2: From a formula to a graph: (a) the input formula; (b) parsing the formula into a tree; (c)
merging leaves and connecting quantifiers to variables; (d) renaming variables.

• if s = f(s1, s2, . . . , sn), where f ∈ Cf ∪ Vf and s1, . . . , sn ∈ S, then we perform
G′s ← (

⋃n
i Vsi ∪ {f},

⋃n
i Esi ∪ {(f, ν(si))}i) followed by Gs ← MERGE_C(G′s), where

ν(si) is the “head node” of si and MERGE_C is an operation that merges the same constant
(leaf) nodes in the graph.
• if s = φxt, where φ ∈ Q, t ∈ S, x ∈ Vv ∪ Vf , then we perform G′′s ←(

Vt ∪ {f}, Et ∪ {(φ, ν(t))
⋃

v∈Vt[x]
{(φ, v)}

)
, followed by G′s ← MERGEx(G

′′
s ) if x ∈

Vv ∪ Vf and Gs ← RENAMEx(G
′
s), where Vt[x] is the nodes that represent the variable x in

the graph of t, MERGEx is an operation that merges all nodes representing the variable x into
a single node, and RENAMEx is an operation that renames x to VAR (or VARFUNC if x acts as
a function).

By construction, our graph is invariant to variable renaming, yet no syntactic or semantic information
is lost. This is because for a variable node (either as a function or value), its original name in the
formula is irrelevant in the graph—the graph structure already encodes where it is syntactically and
which quantifier binds it.

3.2 Graphs to Embeddings

To embed a graph to a vector, we take an approach similar to performing convolution or message
passing on graphs [37]. The overall idea is to associate each node with an initial embedding and
iteratively update them. As shown in Fig. 3, suppose v and each node around v has an initial
embedding. We update the embedding of v by the node embeddings in its neighborhood. After
multi-step updates, the embedding of v will contain information from its local strcuture. Then we
max-pool the node embeddings across all of nodes in the graph to form an embedding for the graph.

To initialize the embedding for each node, we use the one-hot vector that represents the name of the
node. Note that in our graph all variables have the same name VAR (or VARFUNC if the variable acts
as a function), so their initial embeddings are the same. All other nodes (constants and quantifiers)
each have their names and thus their own one-hot vectors.

We then repeatedly update the embedding of each node using the embeddings of its neighbors. Given
a graph G = (V,E), at step t+ 1 we update the embedding xt+1

v of node v as follows:

xt+1
v = F t

P

(
xtv +

1

dv

[ ∑

(u,v)∈E
F t
I (x

t
u, x

t
v) +

∑

(v,u)∈E
F t
O(x

t
v, x

t
u)
])
, (1)

where dv is the degree of node v, F t
I and F t

O are update functions using incoming edges and outgoing
edges, and F t

P is an update function to conbine the old embeddings with the new update from neighbor
nodes. We parametrize these update functions as neural networks; the detailed configurations will be
given in Sec. 4.2.

It is worth noting that all node embeddings are updated in parallel using the same update functions,
but the update functions can be different across steps to allow more flexibility. Repeated updates allow
each embedding to incorporate information from a bigger neighborhood and thus capture more global
structures. Interestingly, with zero updates, our model reduces to a bag-of-words representation, that
is, a max pooling of individual node embeddings.

4

image source: Wang et al. 2017

Note that such a representation does not take the order of
arguments into account—𝑓(𝑐, 𝑥) is indistinguishable from 𝑓(𝑥, 𝑐).
There are various way how to deal with this issue, which occurs
also in other GNN models.
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FormulaNet — embeddings
I init is a one-hot repr. for every symbol (𝑓 , ∀, ∧, VAR, . . . )
I 𝐹𝐼 and 𝐹𝑂 are update functions for incoming and outgoing

edges, respectively
I 𝐹𝑃 combines 𝐹𝐼 and 𝐹𝑂

I 𝐹𝑅, 𝐹𝐿, 𝐹𝐻 are introduced to preserve the order of arguments
I 𝐹𝑅 (𝐹𝐿) is a treelet (triples) where 𝑣 is the right (left) child
I 𝐹𝐻 is a treelet where 𝑣 is the head

I updates are done in parallel
I the final representation of the formula is obtained by

max-pooling over the embeddings of nodes

v

u u

u u

u u

Figure 3: An example of applying the order-preserving updates in Eqn. 2. To update node v, we
consider its neighbors and its position in all treelets (see Sec. 3.3) it belongs to.

To predict the usefulness of a statement for a conjecture, we send the concatenation of their embed-
dings to a classifier. The classification can also be done in the unconditional setting where only the
statement is given; in this case we directly send the embedding of the statement to a classifier. The
parameters of the update functions and the classifiers are learned end to end through backpropagation.

3.3 Order-Preserving Embeddings

For functions in a formula, the order of its arguments matters. That is, f(x, y) cannot generally be
presumed to mean the same as f(y, x). But our current embedding update as defined in Eqn. 1 is
invariant to the ordering of arguments. Given that it is possible that the ordering of arguments can
be a useful feature for premise selection, we now consider a variant of our basic approach to make
our graph embeddings sensitive to the ordering of arguments. In this variant, we update each node
considering the ordering of its incoming edges and outgoing edges.

Before we define our new update equation, we need to introduce the notion of a treelet. Given a node
v in graph G = (V,E), let (v, w) ∈ E be an outgoing edge of v, and let rv(w) ∈ {1, 2, . . .} be the
rank of edge (v, w) among all outgoing edges of v. We define a treelet of graph G = (V,E) as a
tuple of nodes (u, v, w) ∈ V × V × V such that (1) both (v, u) and (v, w) are edges in the graph
and (2) (v, u) is ranked before (v, w) among all outgoing edges of v. In other words, a treelet is a
subgraph that consists of a head node v, a left child u and a right child w. We use TG to denote all
treelets of graph G, that is, TG = {(u, v, w) : (v, u) ∈ E, (v, w) ∈ E, rv(u) < rv(w)}.
Now, when we update a node embedding, we consider not only its direct neighbors, but also its roles
in all the treelets it belongs to:
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v = F t
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[ ∑
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[ ∑
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(2)
where ev = |{(u, v, w) : (u, v, w) ∈ TG ∨ (v, u, w) ∈ TG ∨ (u,w, v) ∈ TG}| is the number of total
treelets containing v. In this new update equation, FL is an update function that considers a treelet
where node v is the left child. Similarly, FH considers a treelet where node v is the head and FR

considers a treelet where node v is the right child. As in Sec. 3.2, the same update functions are
applied to all nodes at each step, but across steps the update functions can be different. Fig. 3 shows
the update equation of a concrete example.

Our design of Eqn. 2 now allows a node to be embedded differently dependent on the ordering of its
own arguments and dependent on which argument slot it takes in a parent function. For example,
the function node f can now be embedded differently for f(a, b) and f(b, a) because of the output
of FH can be different. As another example, in the formula g(f(a), f(a)), there are two function
nodes with the same name f , same parent g, and same child a, but they can be embedded differently
because only FL will be applied to the f as the first argument of g and only FR will be applied to the
f as the second argument of g.

To distinguish the two variants of our approach, we call the method with the treelet update terms
FormulaNet, as opposed to the basic FormulaNet-basic without considering edge ordering.

5

image source: Wang et al. 2017
28 / 34



NeuroSAT (Selsam, Lamm, et al. 2018)
I the goal is to decide whether a prop. formula in CNF is SAT
I two types of nodes with embeddings

I literals
I clauses

I two types of edges
I between complementary literals
I between literals and clauses

I we iterate message passing in two stages (back and forth)
I we use two LSTMs for that

I invariant under the renaming of variables, negating all literals,
the permutations of literals and clauses

Published as a conference paper at ICLR 2019

3 MODEL

A SAT problem has a simple syntactic structure and therefore could be encoded into a vector space
using standard methods such as an RNN. However, the semantics of propositional logic induce rich
invariances that such a syntactic method would ignore, such as permutation invariance and negation
invariance. Specifically, the satisfiability of a formula is not affected by permuting the variables (e.g.
swapping x1 and x2 throughout the formula), by permuting the clauses (e.g. swapping the first clause
with the second clause), or by permuting the literals within a clause (e.g. replacing the clause 1|2
with 2|1. The satisfiability of a formula is also not affected by negating every literal corresponding
to a given variable (e.g. negating all occurrences of x1 in {1|2, 1|3} to yield {1|2, 1|3}).
We now describe our neural network architecture, NeuroSAT, that enforces both permutation invari-
ance and negation invariance. We encode a SAT problem as an undirected graph with one node for
every literal, one node for every clause, an edge between every literal and every clause it appears in,
and a different type of edge between each pair of complementary literals (e.g. between xi and xi).
NeuroSAT iteratively refines a vector space embedding for each node by passing “messages” back
and forth along the edges of the graph as described in Gilmer et al. (2017). At every time step, we
have an embedding for every literal and every clause. An iteration consists of two stages. First, each
clause receives messages from its neighboring literals and updates its embedding accordingly. Next,
each literal receives messages from its neighboring clauses as well as from its complement, then
updates its embedding accordingly. Figure 2 provides a high-level illustration of the architecture.

x1 x1 x2 x2

c1 c2

(a)

x1 x1 x2 x2

c1 c2

(b)

Figure 2: High-level illustration of NeuroSAT operating on the graph representation of {1|2, 1|2}.
On the top of both figures are nodes for each of the four literals, and on the bottom are nodes
for each of the two clauses. At every time step t, we have an embedding for every literal and
every clause. An iteration consists of two stages. First, each clause receives messages from its
neighboring literals and updates it embedding accordingly (Figure 2a). Next, each literal receives
messages from its neighboring clause as well as from its complement, and updates its embedding
accordingly (Figure 2b).

More formally, our model is parameterized by two vectors (Linit, Cinit), three multilayer perceptrons
(Lmsg, Cmsg, Lvote) and two layer-norm LSTMs (Ba et al., 2016; Hochreiter & Schmidhuber, 1997)
(Lu, Cu). At every time step t, we have a matrix L(t) ∈ R2n×d whose ith row contains the em-
bedding for the literal `i and a matrix C(t) ∈ Rm×d whose jth row contains the embedding for
the clause cj , which we initialize by tiling Linit and Cinit respectively. We also have hidden states
L
(t)
h ∈ R2n×d and C(t)

h ∈ Rm×d for Lu and Cu respectively, both initialized to zero matrices. Let
M be the (bipartite) adjacency matrix defined by M(i, j) = 1 {`i ∈ cj} and let Flip be the operator
that takes a matrix L and swaps each row of L with the row corresponding to the literal’s negation.
A single iteration consists of applying the following two updates:

(C(t+1), C
(t+1)
h )← Cu([C

(t)
h ,M>Lmsg(L(t))])

(L(t+1), L
(t+1)
h )← Lu([L

(t)
h ,Flip(L(t)),MCmsg(C(t+1))])

After T iterations, we compute L(T )
∗ ← Lvote(L

(T )) ∈ R2n, which contains a single scalar for each
literal (the literal’s vote), and then we compute the average of the literal votes y(T ) ← mean(L

(T )
∗ ) ∈

R. We train the network to minimize the sigmoid cross-entropy loss between the logit y(T ) and the
true label φ(P ).

Our architecture enforces permutation invariance by operating on nodes and edges according to the
topology of the graph without any additional ordering over nodes or edges. Likewise, it enforces
negation invariance by treating all literals the same no matter whether they originated as a positive
or negative occurrence of a variable.

3

image source: Selsam, Lamm, et al. 2018
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NeuroSAT voting
I we have a function vote that computes for every literal

whether it votes SAT (red) or UNSAT (blue)
I all votings are averaged and the final result is produced
I it is sometimes possible to read an assignment—darker points
I it is sometimes possible to read an UNSAT core
I in NeuroCore (Selsam and Bjørner 2019) a variant of

NeuroSAT is used to help a CDCL solver by periodically
adjusting variable activity scoresPublished as a conference paper at ICLR 2019

Iteration −→

Figure 3: The sequence of literal votes L(1)
∗ to L(24)

∗ as NeuroSAT runs on a satisfiable problem
from SR(20). For clarity, we reshape each L(t)

∗ to be an Rn×2 matrix so that each literal is paired
with its complement; specifically, the ith row contains the scalar votes for xi and xi. Here white
represents zero, blue negative and red positive. For several iterations, almost every literal is voting
unsat with low confidence (light blue). Then a few scattered literals start voting sat for the next few
iterations, but not enough to affect the mean vote. Suddenly there is a phase transition and all the
literals (and hence the network as a whole) start to vote sat with very high confidence (dark red).
After the phase transition, the vote for each literal converges and the network stops evolving.

We stress that none of the learned parameters depend on the size of the SAT problem and that a single
model can be trained and tested on problems of arbitrary and varying sizes. At both train and test
time, the input to the model is simply any bipartite adjacency matrix M over any number of literals
and clauses. The learned parameters only determine how each individual literal and clause behaves
in terms of its neighbors in the graph. Variation in problem size is handled by the aggregation
operators: we sum the outgoing messages of each of a node’s neighbors to form the incoming
message, and we take the mean of the literal votes at the end of message passing to form the logit
y(T ).

4 TRAINING DATA

We want our neural network to be able to classify (and ultimately solve) SAT problems from a va-
riety of domains that it never trained on. One can easily construct distributions over SAT problems
for which it would be possible to predict satisfiability with perfect accuracy based only on crude
statistics; however, a neural network trained on such a distribution would be unlikely to generalize
to problems from other domains. To force our network to learn something substantive, we create
a distribution SR(n) over pairs of random SAT problems on n variables with the following prop-
erty: one element of the pair is satisfiable, the other is unsatisfiable, and the two differ by negating
only a single literal occurrence in a single clause. To generate a random clause on n variables,
SR(n) first samples a small integer k (with mean a little over 4) 2 then samples k variables uni-
formly at random without replacement, and finally negates each one with independent probability
50%. It continues to generate clauses ci in this fashion, adding them to the SAT problem, and
then querying a traditional SAT solver (we used Minisat Sorensson & Een (2005)), until adding the
clause cm finally makes the problem unsatisfiable. Since {c1, . . . , cm−1} had a satisfying assign-
ment, negating a single literal in cm must yield a satisfiable problem {c1, . . . , cm−1, c′m}. The pair
({c1, . . . , cm−1, cm}, {c1, . . . , cm−1, c′m}) are a sample from SR(n).

5 PREDICTING SATISFIABILITY

Although our ultimate goal is to solve SAT problems arising from a variety of domains, we begin
by training NeuroSAT as a classifier to predict satisfiability on SR(40). Problems in SR(40) are
small enough to be solved efficiently by modern SAT solvers—a fact we rely on to generate the

2We use 1 + Bernoulli(0.7) + Geo(0.4) so that we generate clauses of varying size but with only a
small number of clauses of length 2, since too many random clauses of length 2 make the problems too easy on
average.

4
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Circuit-SAT (Amizadeh, Matusevych, and Weimer 2019)

I we have a circuit (DAG) instead of a CNF
I they use smooth min, max (fully differentiable w.r.t to all

inputs), and 1 − 𝑥 functions for logical operators
I GRUs are used for updatesPublished as a conference paper at ICLR 2019

(a) (b)
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Figure 1: (a) A toy example input DAG function µG, (b) a DG-DAGRNN model that processes the
input in (a) using two sequential DAG embedding layers: a forward layer followed by a reverse layer.
The solid red and green arrows show the flow of information within each layer while the black arrows
show the feed-forward flow of information in between the layers. Also, the dotted blue arrows show
the recurrent flow of information from the last embedding layer back to the first one.

be fed back to Estack as the input. In our experiments, we have found that by letting T > 1, we can
significantly improve the accuracy of our models without introducing more trainable parameters.
In practice, we fix the value of T during training and increase it during testing to achieve better
accuracy. Also note that the L stacked layers in Estack can be any permutation of regular and reversed
layers. We refer to this proposed framework as Deep-Gated DAG Recursive Neural Networks or
DG-DAGRNN for short. Figure 1(b) shows an example 2-layer DG-DAGRNN model with one
forward layer followed by a reversed layer.

4 APPLICATION TO THE CIRCUIT-SAT PROBLEM

The Circuit Satisfiability problem (aka Circuit-SAT) is a fundamental NP-complete problem in
Computer Science. The problem is defined as follows: given a Boolean expression consists of
Boolean variables, parentheses, and logical gates (specifically And ∧, Or ∨ and Not ¬), find an
assignment to the variables such that it would satisfy the original expression, aka a solution. If the
expression is not satisfiable, it will be labeled as UNSAT. Moreover, when represented in the circuit
format, Boolean expressions can aggregate the repetitions of the same Boolean sub-expression in the
expression into one node in the circuit. This is also crucial from the learning perspective as we do not
want to learn two different representations for the same Boolean sub-expression.

In this section, we apply the framework from the previous section to learn a Circuit-SAT solver merely
from data. More formally, a Boolean circuit can be modeled as a DAG function µG with each node
representing either a Boolean variable or a logical gate. In particular, we have µG : VG 7→ R4 defined
as µG(v) = One-Hot(type(v)), where type(v) ∈ {And,Or,Not,Variable}. All the source nodes
in a circuit µG have type Variable. Moreover, each circuit DAG has only one sink node (the root
node of the Boolean expression).

Similar to Selsam et al. (2018), we could also approach the Circuit-SAT problem from two different
angles: (1) predicting the circuit satisfiability problem as a binary classification problem, and (2)
solving the Circuit-SAT problem directly by generating a solution if the input circuit is indeed SAT.
In Selsam et al. (2018), solving the former is the prerequisite for solving the latter. However, that is
not the case in our proposed model and since we are interested to actually solve the SAT problems,
we do not focus on the binary classification problem. Nevertheless, our model can be easily adapted
for SAT classification, as illustrated in Appendix A.

4.1 NEURAL CIRCUIT-SAT SOLVER

Learning to solve SAT problems (i.e.finding a satisfying assignment) is indeed a much harder problem
than SAT/UNSAT classification. In the NeuroSAT framework, Selsam et al. (2018), the authors
have proposed a post-processing unsupervised procedure to decode a solution from the latent state
representations of the Boolean literals. Although this approach works empirically for many SAT

5
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Properties of representations using GNNs

I they are invariant under various permutations and the
renamings of symbols; usually only relations between symbols
(and their types) matter not their actual names

I it is possible to naturally produce a graph containing more
formulas that share various components and hence encode the
whole problem, e.g.,

Γ ⊢ 𝜙

I standard GNNs are unable to distinguish various
non-isomorphic structures (graphs); note that only the
neighbors are taken into account
I there is a connection with the Weisfeiler–Leman algorithm

I there have been proposed many GNN models recently
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Conclusion

I we have seen various approaches how to represent formulas
(and you will see one more instance of GNNs)

I it really matters what we want to do with our representations
(property)

I there are many other relevant topics
I attention mechanisms

I popular for aggregating sequences
I sensitive to hyperparameters

I approaches based on ILP
I usually we ground the problem to make it propositional

I maybe it is even better to formulate our problem directly in a
language friendly to NNs and not to use classical formulas. . .
I non-classical logics
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